A series of computations based on multichannel quantum defect theory have been performed in order to produce the cross sections of rotational transitions (excitations
I. INTRODUCTION
In the modeling of the kinetics of cold dilute gases, the rotational distribution of molecular species is governed by competition between formation and destruction processes, absorption, fluorescence, radiative cascades, and low-energy collisions involving neutral and ionized atomic and molecular species as well as electrons. Rate coefficients for such elementary reactions are badly needed, in particular for the chemical models of the early Universe, interstellar media, and planetary atmospheres [1] [2] [3] [4] .
Much has been done during the past years to improve the description of rotational transitions induced in molecular cations by collision with atoms or molecules. Most of the computations are based on the close-coupling technique implemented in computer codes such as MOLSCAT [5] . Meanwhile, in diffuse environments, electrons are expected to be the dominant exciting species for molecular ions as the cross sections for electron impact excitation are several orders of magnitude greater than the corresponding ones for excitation by neutral atomic or molecular species. Computations for electron-induced rotational excitation and deexcitation have been previously performed for diatomic and linear triatomic molecular ions ( [10] [11] [12] [13] . The theory is based on the R-matrix method [14] augmented by use of the Coulomb-Born approximation to account for long-range dipole interactions, and the adiabatic-nuclei rotation (ANR) approximation [10, 15] . This method avoids consideration of an excessively large number of channels in a rotational close-coupling expansion. In the specific case of the near-threshold rotational excitation of H 3 + by electron impact, the cross sections obtained using the ANR/R-matrix method have been shown to be in good agreement with those coming from multichannel quantum defect theory and rotation frame transformation (MQDT-RFT) [12] .
The hydrogen molecular ion, which is thought to participate in the chemistry of harsh environments and considered as a key species in the formation of H 2 in the early universe [1, 16] , is an important subject of investigation. Its dissociative recombination (DR) together with the competing reactionsrovibrational excitation and deexcitation and dissociative excitation-play a decisive role in astrophysical ionized media (stars and interstellar molecular clouds) [1] [2] [3] , fusion plasma in the divertor region [17] [18] [19] , and in most of the hydrogencontaining cold plasmas of technological interest. Recent advanced studies on H 2 + + e − [20] [21] [22] have resulted in very accurate state-to-state rate coefficients. However, the HD + + e − deuterated version of the H 2 + + e − benchmark system has received more attention in storage-ring-type experiments, since its permanent dipole facilitates rapid rotational and vibrational cooling of the ion. Consequently, the dissociative recombination (DR) of HD + ,
has been extensively and systematically studied both experimentally and theoretically [23] [24] [25] [26] [27] [28] [29] [30] [31] [32] [33] .
More recently, the rotational cooling of HD + molecular ions by superelastic collisions, [34, 35] . By merging an HD + beam with velocity-matched electrons, rapid cooling of the rotational excitations of the HD + ions by superelastic collisions (SEC) with the electrons was observed. The cooling process, which was monitored by the time evolution of the relative populations of groups of rotational levels, was well described using theoretical SEC rate coefficients obtained by combining the molecular R-matrix approach with the adiabatic nuclei rotation approximation. The present work is aimed at computing cross sections and rate coefficients for state-to-state rotational transitions (inelastic collisions and superelastic collisions) within the framework of the stepwise method based on the multichannel quantum defect theory [22, 36] , and then providing a comparison with the recent experiment as well as the adiabatic nuclei rotation approximation. Such data may constitute a valuable basis for a critical interpretation of the observed spectra of the species of interest [1] [2] [3] [4] . Moreover, the results are obtained through a series of full rotational computations similar to the treatment of Ref. [22] for H 2 + , where all the relevant symmetries were appropriately considered. This provides us with improved HD + DR rate coefficients in comparison to our recent work [33] , where the computations were restricted to the dominant 1 + g symmetry. This paper is organized as follows: the main steps in the computation of the cross section, based on our MQDT-type method, are reviewed in Sec. II, the computation of cross sections and rate coefficients and detailed comparison with former results are described in Sec. III, and the conclusions are provided in Sec. IV.
II. THEORETICAL METHOD
The reactive collisions between electrons and molecular cations involve ionization channels, describing the scattering of an electron on the molecular ion and dissociation channels, accounting for atom-atom scattering. The main steps of our current MQDT treatment [22] are described below.
A. Construction of the interaction matrix V
Construction of the interaction matrix, V, is performed in the outer shell of the region of small electron-ion and nucleus-nucleus distances, that is, in the "A-region" [37] where the Born-Oppenheimer approximation gives an appropriate description of the collision system. The good quantum numbers in this region are N , M, and , associated, respectively, with the total angular momentum and its projections on the z axis of the laboratory-fixed and of the molecule-fixed frame.
Within a quasidiabatic representation [36, 38, 39] , the relevant states are organized in channels, according to the type of fragmentation that they are meant to describe. An ionization channel is built starting from the ground electronic state of the ion and one of its rovibrational levels N + v + , and is completed by gathering all the monoelectronic states of a given orbital quantum number l. These monoelectronic states describe, with respect to the N + v + threshold, either a "free" electron, in which case the total state corresponds to (auto)ionization, or to a bound electron, in which case the total state corresponds to a temporary capture into a Rydberg state. In the "A-region", these states may be modeled reasonably well with respect to the hydrogenic states in terms of the quantum defect μ l , dependent on the internuclear distance R, but assumed to be independent of energy.
An ionization channel is coupled to a dissociation one, labeled d j , by the electrostatic interaction 1/r 12 . In the molecular-orbital picture, the states corresponding to the coupled channels must differ by at least two orbitals, the dissociative states being doubly excited for the present case. We account for this coupling at the electronic level first, through an R-dependent scaled "Rydberg-valence" interaction term, V (e) d j ,l , assumed to be independent of the energy of the electronic states pertaining to the ionization channel. Subsequently, the integration of this electronic interaction on the internuclear motion results in the elements of the interaction matrix V:
where E is the total energy and χ Nd j and χ N + ,v + are the nuclear wave functions corresponding to a dissociative state and to an ionization channel, respectively. This procedure applies in each subspace and results in a block-diagonal global interaction matrix. The block-diagonal structure, corresponding to the symmetries, propagates to the other matrices computed.
B. Construction of the reaction matrix K
Starting from the interaction matrix V, we build the K-matrix, which satisfies the Lippmann-Schwinger integral equation:
This equation has to be solved once V-whose elements are given by Eq. (3)-is determined. Here H 0 is the zero-order Hamiltonian associated with the molecular system neglecting the interaction potential V. It has been proven that, provided the electronic couplings are energy-independent, a perturbative solution of Eq. (4) is exact to the second order [40] .
C. Diagonalization of the reaction matrix K
To express the result of the short-range interaction in terms of phase shifts, we perform a unitary transformation of our initial basis into eigenstates. The columns of the corresponding transformation unitary matrix U are the eigenvectors of the K-matrix:
and its eigenvalues, expressed as the nonvanishing elements of a diagonal matrix − 1 π tan(η), provide the diagonal matrix of the phase shifts η, induced in the eigenstates by the short-range interactions.
D. Frame transformation to the external region
In the external zone-the "B-region" [37] -characterized by large electron-core distances, the Born-Oppenheimer representation is no longer valid for the whole molecule, but only for the ionic core. Here is no longer a good quantum number and a frame transformation [41] [42] [43] is performed between coupling schemes corresponding to the incident electron being decoupled from the core electrons (external region) or coupled to them (internal region). The frame transformation coefficients involve angular coupling coefficients, electronic factors, and rovibronic factors, and they are given by
as well as S lN + v + , α and S d j , α , which are obtained by replacing cosine with sine in Eqs. (6) and (7). In the preceding formulas, χ + N + v + is a vibrational wave function of the molecular ion, and χ Nv is a vibrational wave function of the neutral system adapted to the interaction (A) region. The quantities τ + and τ are related to the reflection symmetry of the ion and neutral wave function, respectively, and take the values +1 for symmetric states and −1 for antisymmetric ones. The ratio in front of the sum on the right-hand side of Eq. (6) contains the selection rules for the rotational quantum numbers. The indices d j (j = 0,1,2, . . . ) stand for the states of a given symmetry that are open to dissociation at the current energy. Here α denotes the eigenchannels built through the diagonalization of the reaction matrix K , and − tan(η α )/π , U lv,α are its eigenvalues and the components of its eigenvectors, respectively.
The projection coefficients shown in Eqs. (6) and (7) include the two types of couplings that control the process: the electronic coupling, expressed by the elements of the matrices U and η, and the nonadiabatic coupling between the ionization channels, expressed by the matrix elements involving the quantum defect μ l . This latter interaction is favored by the variation of the quantum defect with the internuclear distance R.
E. Construction of the generalized matrix X
The matrices C and S with the elements given by Eqs. (6) and (7) are the building blocks of the "generalized" scattering matrix X:
It involves all the channels, open and closed. Although technically speaking only the open channels are relevant for a complete collision event, the participation of the closed channels may influence strongly the cross section, as shown below.
The X matrix relies on four block submatrices:
where "o" and "c" label the lines or columns corresponding to open and closed channels, respectively.
F. Elimination of closed channels
The building of the X matrix is performed independently of any account of the asymptotic behavior of the different channel wave functions. Eventually, imposing physical boundary conditions leads to the "physical" scattering matrix, restricted to the open channels [44] :
This scattering matrix is obtained from the submatrices of X appearing in Eq. (9) and from a further diagonal matrix ν formed with the effective quantum numbers
(in atomic units) associated with each vibrational threshold E N + v + of the ion situated above the current energy E (and consequently labeling a closed channel).
G. Cross-section evaluation
For a molecular ion initially on the level N + i v + i and recombining with an electron of kinetic energy ε, the cross section of capture into all the dissociative states d j of the same symmetry is given by
On the other hand, the cross section for a rovibrational transition to the final level N
Here ρ sym is the ratio between the multiplicities of the neutral and the target ion. After performing the MQDT calculation for all the accessible total rotational quantum numbers N and for all the relevant symmetries, one has to add up the corresponding cross sections in order to obtain the global cross section for dissociative recombination or rovibrational transition, as a function of the electron collision energy ε.
III. COMPUTATION OF CROSS SECTIONS AND RATE COEFFICIENTS A. Molecular data
Although the lowest 1 + g doubly excited state has the most favorable crossing with the ion curve for collisions taking place at low electronic energy, a comprehensive analysis requires the consideration of the contribution of the other molecular symmetries to the cross section, especially as rotational couplings have been found to enhance superelastic and inelastic collisions in this energy range. Therefore, the molecular states that are included are For the 1 + g state, we have used the adjusted quasidiabatic molecular data-electronic potential curves and couplingspreviously used in Refs. [22, 33] [45] with results of new computations using the HALFIUM code developed by Telmini and Jungen [46] . In this code, the variational eigenchannel R-matrix method and the generalized multichannel quantum defect theory are combined in prolate spheroidal coordinates to determine the potential electronic energy curves of H 2 . The configuration space is divided into two zones: a reaction zone and an external zone. In the inner zone, the Schrödinger equation is solved using the variational R-matrix method. The variational basis takes into account spin and σ v symmetrizations allowing for the description of all molecular symmetries including − symmetries [47, 48] . In the external zone, the hydrogen molecule is modeled as a three-body system: two positive half-charge nuclei and one electron. This approximation, called the HALFIUM model, captures the partial screening of the protons by the internal electron [49] . Matching the two expressions of the wave functions in the two zones leads to the reaction matrix, which contains the short-range interaction between the different possible channels.
Both Rydberg and doubly excited states are computed on the same footing. Thanks to the generalized MQDT formalism, all members of any Rydberg series are easily computed for an arbitrary high principal quantum number. Therefore, the quantum defects of the highest Rydberg states up to the ionization threshold are deduced in a straightforward procedure. Positions and widths of doubly excited states are obtained from resonance Breit-Wigner profiles of state density [50] , and couplings are deduced from widths.
Previous results obtained for the lowest Rydberg states [46, 51] agree well with the available ab initio data [52] . Energies and widths of doubly excited states [46, 48, 50, 51] are also in good agreement with those of Tennyson [45] . In this work, we extended the calculations towards higher principal quantum numbers and larger internuclear distances as well. As quasidiabatic potential energy curves are needed, the closed channels are treated as open through the introduction of an artificial threshold. In this way, the data for doubly excited states including energies and couplings beyond the crossing point between these states and the molecular ion's ground-state electronic curve are obtained. Dissociation limits are deduced from the correlation diagrams [53] , and extrapolation of potential energy curves is performed until the energy corresponding to the dissociation products is reached.
For each of the symmetries involved- 
B. Results and comparison with experiment
Relying on the data described above, we have performed MQDT-based [22, 36] Fig. 1 , where they are compared with ones computed using the R-matrix/ANR method; see Ref. [34] for details. A zoom of the cross section for the transition 0→2 is presented in Fig. 2 . The MQDT results exhibit a rich resonance structure that is due to the indirect process that is the temporary capture into the numerous Rydberg states of the neutral system (HD) involved in the process. The cross sections from the ANR approximation do not present such resonances since this approach neglects the role of the indirect process. The competition with the DR is also neglected within the ANR approach. However, in spite of the relative simplicity of this method, an overall good agreement is found between the two approaches. Nevertheless, it should be noted that the MQDT computations treat the HD molecule like H 2 from electronic point of view. Consequently, the gerade symmetry is completely uncoupled from the ungerade one and, due to selection rules inherent to the relevant partial waves [see Eq. (6)], only transitions with even N + (0, 2, and 4) are allowed, whereas the ANR/R-matrix computations consider transitions with odd N + (1 and 3), whose rate coefficients are not negligible but are smaller by a factor of 2 to 4.
Isotropic and anisotropic Maxwell rate coefficients were obtained for the rotational transitions by appropriate convolution of the computed cross sections. Good agreement can be observed in Figs. 3 and 4 , where Maxwell isotropic rate coefficients are compared for the transitions of interest (excitation and deexcitation).
The anisotropic Maxwell rate coefficients at near-zero energy, obtained by convolution of the cross sections with the distribution of the relative electron-ion velocity in the latest SEC-dedicated TSR storage ring experiments [34, 35] (characterized by transversal and longitudinal temperatures k B T t = 2.5 meV and k B T l = 45 μeV, respectively), are presented in Table I , and a comparison with the ANR/R-matrix calculations is performed. The values displayed are close to the average experimental rate coefficient of 1.7 × 10 −6 cm 3 /s found by Schwalm et al. [35] The quantity that needs to be computed to compare the theory with the measurements is the average Maxwell anisotropic rate coefficient, which is obtained by a weighted sum of the Maxwell anisotropic rate coefficients associated with each of the relevant initial rotational states, part of them being displayed in Fig. 7 . Their weights correspond to the Boltzmann distribution associated with the assumed rotational temperature.
The results obtained have been displayed in Fig. 8 , where they are compared with experiment [31, 32] and our former computations [33] , in which the only Rydberg-valence interaction accounted was that characterizing the 1 + g symmetry. In Fig. 8 , differences between our previous theoretical result (blue curve [33] ) and the present ones (black continuous curve) at T = 300 K can be noted in terms of the positions and heights of some peaks. This is a consequence of the inclusion of additional symmetries, as described above, which may induce resonance shifts through their specific quantum defects, and of the mutual assistance of compatible symmetries inherent to the rotational couplings properly accounted for and which causes an attenuation in the resonant dips. The prominent peak found by the previous theoretical approach at 20 meV in agreement with the one detected by the TSR measurements shifts down to 16 meV, but its amplitude now agrees much better with the measured one. Moreover, in spite of the appearance of a prominent peak at almost zero energy and the increase in the amplitude of that already present close to 100 meV, the computed rate coefficient is closer to the measured one between 0 and 50 meV. ) at different experimental temperatures assumed for the rotational distribution of the ions in the storage ring, compared to former computations and experiment [33] . Since there is still some uncertainty in the rotational temperature of the cation in the storage ring, we compute and display in Fig. 8 the rate coefficient for 100 and 1000 K, besides that for 300 K. Indeed, one may notice that for T = 1000 K, the agreement with experiment is better in terms of cross-section amplitudes than that for T = 300 K below 10 meV and between 50 and 70 meV. For T = 100 K, the agreement is better in the energy range 25-60 meV. This may mean that the occupation probability of the rotational levels is not a simple Maxwell-Boltzmann distribution, i.e., temperature-dependent, but it includes some dependence on the energy of the incident electron, perhaps via inelastic and mainly superelastic collisions.
For further use in astrochemistry and cold plasmas modeling, we have performed isotropic Maxwell convolution from all the cross sections computed. The corresponding isotropic rate coefficients are plotted in Fig. 9 for all the initial rotational levels. These results show that above the initial rotational state N + i = 6, rotational excitation of the target favors dissociative recombination in the sense that the DR rate coefficients increase with increasing N + i . In contrast, below N + i = 6, rotational excitation slows down DR.
IV. CONCLUSION
A series of computations have been carried out for the collisions between HD + molecular ions and electrons with kinetic energy below 300 meV. Whereas in our previous calculations on this species [33] the only Rydberg-valence interactions considered were those within the dominant symmetry 1 + g , in the present ones this symmetry contributes simultaneously with the "+" components of the 1 g and 1 g symmetries, the corresponding states being rotationally coupled. Moreover, we have involved in the same way in the present approach the triplet gerade, and the singlet and triplet ungerade symmetries. The account of these numerous states and interactions makes the current treatment more accurate than the previous ones. A further step in the same direction will be the use of more accurate molecular data. This will be achieved by using the latest and ongoing progress in the R-matrix and MQDT techniques [47, 54, 55] in producing potential energy curves and electronic couplings, which can be used to produce realistic models (positions, amplitudes, and widths) for the Rydberg resonances dominating the shape of the cross sections. An alternative route to improved accuracy is the use of the global version of the MQDT [56] , which has proved its efficiency in the spectroscopy of the neutral H 2 and its isotopes [57] .
Cross sections and Maxwell anisotropic and isotropic rate coefficients have been obtained for state-to-state rotational transitions induced in HD + molecular ions by electronic collisions. At very low collision energy, the Maxwell anisotropic rate coefficients computed with both MQDT and ANR/R-matrix methods are in good agreement. They are comparable to within 30% with those resulting from a fit of the experimental cooling curves, derived from the the measurements performed at the Heidelberg Test Storage Ring [35] . These latter results account for the strong contribution of the rotational deexcitation to the rotational cooling of HD + molecular ions, as reported by Shafir et al. [34] and Schwalm et al. [35] .
Furthermore, cross sections and Maxwell anisotropic and isotropic rate coefficients have been derived for the dissociative recombination of HD + molecular ions. In spite of the displacement of few prominent resonances with respect to the previous predicted positions and/or with respect to the positions found by the measurements, the agreement between theory and experiment has been improved at low energy. The numerical data for all the initial N + i = 0 to 10, ready to be used in the kinetics modeling in astrochemistry and cold plasma physics, are available upon request. Similar computations are ongoing for the H 2 + and D 2 + molecular ions, and the corresponding results will be reported in a future article. the CNRS via the programme "Physique et Chimie du Milieu Interstellaire" and the CNRS PEPS projects "Physique théorique et ses interfaces" TheMS and TPCECAM. We gratefully acknowledge the generous financial support from La Région Haute-Normandie via the CPER "THETE" project, and the GRR Electronique, Energie et Matériaux. Part of this work has been performed in the frame of the "Fédération de Recherche Energie, Propulsion, Environnement," and of the LabEx EMC 3 , via the project PicoLIBS (ANR-10-LABX-09-01).
